The paper analyzes the dynamic properties of the neoclassical one-sector growth model with di!erential savings in the sense of Kaldor}Pasinetti. The economy exhibits unstable steady states and #uctuations if the income distribution varies su$ciently and if shareholders save more than workers. The paper analyzes in detail the dynamics for the case with a "xed proportions technology as well as with a smooth approximation. If the savings propensities di!er by an arbitrarily small amount, the system exhibits topological chaos in the sense of Li and Yorke for an open set of production functions. The analytical results are supplemented by numerical experiments.
Introduction
Two versions of the standard one-sector neoclassical model of economic growth are used as basic tools to analyze fundamental issues in dynamical macroeconomics. One of them is the model of optimal growth, originated by Ramsey (1924) , describing savings behavior so as to maximize the in"nite discounted sum of utility of an in"nitely lived representative consumer. The second one is the so-called Solow}Swan model (Swan, 1956; Solow, 1956 ) with a constant aggregate propensity to save out of income. Both models predict that the time paths of capital and output per capita are monotonically converging to a long run steady state under the usual neoclassical conditions (see for example Dechert, 1984) . Therefore, such models preclude the possibility of cycles. As a consequence, additional economic features, such as nonconvexities in production or nonoptimal savings behavior in the Solow}Swan model, have been introduced to exhibit endogenous growth cycles. Furthermore, it is well known that any complex (chaotic) dynamic behavior can be generated within twosector models of optimal growth under an appropriate degree of discounting (Benhabib and Nishimura, 1985; Boldrin and Montrucchio, 1986) .
Parallel to the early developments of the standard neoclassical growth theory, Kaldor (1956 Kaldor ( , 1957 , Pasinetti (1962) , Samuelson and Modigliani (1966) and others were investigating the question to what extent di!erent savings behavior of the two income groups (labor and capital) might in#uence the growth path. It is obvious that di!erent but constant savings propensities of the two income recipients make the aggregate propensity to save nonconstant and depending on the income distribution. An immediate implication from this is that the aggregate savings function need no longer be concave, so that multiple and unstable steady states can occur.
Although the question was posed originally within the Harrod}Domar model of "xed proportions (Harrod, 1939) , the investigations of the literature examined primarily the role of di!erential simple savings behavior as determinants of long run steady states. Possible e!ects arising from the income distribution on stability were largely neglected. One exception is Dixit (1976) who addresses the general question of stability in both versions of the Kaldor}Pasinetti models, the neoclassical as well as the "xed coe$cients model. While he argues that there may be`2equilibrium paths (which may) have strange featuresa (p. 61), he essentially considers the neoclassical case with smooth production as regular or stable.
All other contributions discussing instabilities and/or endogenous cycles in the one-sector model formulate aggregate savings functions using di!erent features rather than the Kaldorian setting or income distribution e!ects. Day (1982) identi"es a particular type of a nonlinear aggregate savings function as a source of possible chaotic dynamics. In his case neither income e!ects nor di!erential simple savings behavior is used as an economic justi"cation. In a model with "nancial intermediation, Woodford (1989) shows the possibility of chaos when income distribution e!ects and di!erential savings behavior interact. His model is a boundary case of the class of models presented here. The form of the production function used combines elements of a "xed coe$cients technology with a version reminiscent of the well-known logistic function. The role of the income distribution in that example seems transparent. However, it is not discussed.
Apart from the somewhat cursory treatment in the paper by Woodford, the role of di!erential simple savings behavior and distribution e!ects for stability of stationary states has not been investigated in the literature. This paper provides a systematic investigation of distribution e!ects and of simple savings behavior interacting to generate instability and topological chaos. It turns out that the necessary crucial factor is the elasticity of the marginal product of capital which exerts the relevant in#uence on the dynamic properties of the model. Section 2 describes the model and provides necessary conditions for the occurrence of multiple steady states and non-monotonic dynamics. Section 3 illustrates that multiple steady states and cyclical dynamics occur for Leontief-type production functions as soon as saving rates of workers and shareholders di!er. In this case the mapping describing the dynamics is discontinuous. However, in spite of this fact, one "nds that (almost) all cycles are stable. Section 4 considers smooth approximations of Leontief production functions. By use of the Li and Yorke condition it is shown that topological chaos can occur if the savings rate of shareholders exceeds that of workers slightly. A numerical bifurcation analysis investigates the role of system parameters on the dynamic behavior.
The model
Consider a standard neoclassical one-sector growth model in the tradition of Kaldor (1956 Kaldor ( , 1957 and Pasinetti (1962) , where the two types of agents, workers and shareholders, have possibly di!erent but constant savings propensities. A single investment/consumption commodity is produced from labor and capital input with constant returns to scale. The production function f : 1 > P1 > , mapping capital per worker k into output per worker y, is assumed to satisfy the weak Inada condition: f is C, strictly monotonically increasing, strictly concave, and such that
The labor force grows at rate n50 and capital depreciates at rate 0( 41. It is assumed that the wage rate equals the marginal product of labor which is w(k) : "f (k)!kf (k). Shareholders receive the marginal product of capital f (k), which implies that total capital income per worker is kf (k). Both income groups Notice that it is not assumed that f (0)"0.
have a constant savings rate 04s 41 for workers and 04s 41 for shareholders. As a consequence, the time-one map describing capital accumulation is given by
Clearly, G depends on f as well as on the parameters s , s , n, . It is obvious that the standard growth model of Solow (1956) is obtained if the two savings propensities are equal. Condition (I) then implies that there exists a unique positive steady state kM and that G is strictly monotonically increasing and concave. This implies that kM is globally stable. As is well known, kM is in general not optimal, i.e. it does not maximize long-run consumption per capita.
It is equally straightforward to see that G preserves all its global properties for any s Os if the income distribution, i.e. the factor shares induced by the marginal products, does not change with the capital intensity k. Observe that the isoelastic production function f (k)"k?, 0( (1, is the only function satisfying (I) for which the income distribution is constant. Thus, existence, uniqueness, and stability of steady states of G cannot depend on di!erential savings, when Cobb}Douglas technologies are considered only. These issues will be analyzed in the sequel for general production functions satisfying (I) with two arbitrary savings propensities. First, the question of existence and uniqueness of steady states is investigated. 
Proof. k is a steady state if and only if
(I) implies 04kf (k)4f (k)!f (0) and therefore lim I kf (k)"0. Thus, k"0 is a steady state if and only if s f (0)"0. On the other hand, stationarity of kM '0 is equivalent to
(I) together with de l'Ho( pital's rule yields lim I f (k)"0. Therefore, the lefthand side tends to zero for kM PR. For kM P0 the left-hand side tends to in"nity under the assumptions made above, which gives at least one positive solution. Moreover, s 5s implies that the left-hand side is strictly monotonically decreasing. Hence, there cannot be more than one positive steady state. ᮀ This proposition implies that steady states are unique if shareholders do not save less than workers. It will be shown in the next section that multiple positive steady states may occur if s 's .
If s 5s this inequality is satis"ed trivially. Otherwise, it follows from kf (k)#f (k)50. ᮀ Proposition 2 implies that cyclical dynamic behavior can be excluded either if shareholders do not save more than workers or if the curvature of the production function measured by the elasticity E D Y is small in absolute value. Since
the curvature condition of Proposition 2 is strongly related to income distribution e!ects: The capital income decreases with increasing capital stock, if and only if E D Y (k)(!1. While it is clear that this condition is not ful"lled for the Cobb}Douglas production function f (k)"k? (E D Y , !1'!1), it can occur for large classes of concave production functions. For example, if f is bounded (which means that labor is not completely substitutable by capital) or if f is unbounded and satis"es lim
Thus, capital income kf (k) must be decreasing in k for large values of k in these cases. Woodford (1989) uses an example of a bounded production function given by
with parameters a, b, c'0, for which G turns out to be the logistic map if "1 and s "0. Another example is the Leontief technology
Both do not satisfy (I) directly. However, they satisfy the two boundary conditions and they can be approximated by functions satisfying (I). For instance, the Leontief function is approximated by the family of concave production functions
These functions satisfy (I) for all a, b, c, '0. Moreover, if kOb/a it is straightforward to show that
Finally, the exponential function
is another example of a bounded production function satisfying (I) for all a, b, c'0. It may be of independent interest to what extent di!erential savings and income distribution e!ects interact to determine the golden rule steady state. Total consumption per worker (which is proportional to consumption per capita if workers and shareholders grow at the same rate) is equal to
From (1), maximization of c(k) over steady states with di!erent savings rates is equivalent to the maximization of f (k)!(n# )k which has the necessary and su$cient "rst-order condition f (k)"n# . Let kH"( f )\(n# ) denote the golden rule capital stock. Then kH is a steady state of the Kaldor}Pasinetti model i!
denote the elasticity of the production function f. Then, the above condition is equivalently expressed as
Therefore, for given n and the pairs of savings rates leading to optimal steady state consumption are described by a decreasing line crossing the point s "1, s "0. Whether optimal steady states are compatible with low values of s or high values of s depends on the elasticity of f in kH (see Fig. 1 ). It is not clear, however, in which cases golden rule steady states with s Os are stable.
We are indebted to Cars Hommes for suggesting this approximation. 
The dynamics with 5xed proportions
This section provides a detailed analysis of the dynamic behavior for the Kaldor}Pasinetti model with a Leontief production function (3). This function is only piecewise di!erentiable, and the (left) derivative is f * (k)"a if k4b/a and f (k)"0 if k'b/a. Thus, the resulting dynamical system is described by the map
Both G and G are a$ne-linear maps with strictly positive intercept and strictly positive slope with G 'G , G (1. The dynamic behavior depends crucially on the position of G and G at kH : "b/a. There are four generic cases which are illustrated in Fig. 2 .
It is obvious from Fig. 2 that the situations (A), (B), and (C) exhibit convergence to a unique steady state, leaving case (D) for possible cyclical behavior. Notice also that
Moreover, the statements of these conditions hold equally if the inequality signs (a are replaced by`'a. With this observation it turns out that case (A) in (8) and (9) holds with`(a, and one with`'a. Given the parameters n, , a, b and c, the classi"cation of these cases can then be illustrated in the (s , s )-diagram of Fig. 3 . It is intuitively obvious that one obtains a similar characterization of these four generic situations if the Leontief production function is approximated by smooth functions, e.g. by the one given in (4). Let G ?
denote the time-one map for the approximation of the Leontief production function f ? . Because of (5), it follows G ? (k)PG * (k) for all kOkH if P0. Thus, in case of either (B) or (D) in Fig. 2 While each trajectory in cases (A), (B) and (C) converges to a steady state, case (D) exhibits more interesting dynamic behavior. For the Leontief technology with the discontinuous map G * each trajectory converges to the invariant, attracting and compact interval [G (kH), G (kH)]. If this interval contains some cycle which does not hit kH, this cycle must be globally stable, as the following proposition shows:
Proof. It can be shown easily that 
O is a cycle of order , each k Q must be contained in the interior of one of the above intervals (implying m5 ). Assume w. asymptotically stable. If m" #1, GO * cannot have a "xpoint in I K (otherwise there would exist another cycle of order '1 with " which is impossible). Hence, GO * (k)'k or GO * (k)(k for all k3I K , and each trajectory enters eventually O Q I Q . Therefore, K O is a globally stable cycle. ᮀ This proposition states the surprising fact that almost all cycles of G * must be globally stable. Cycles which hit kH cannot be locally stable, but, according to the above proof, they are still globally attractive. Keener (1980) investigates the dynamics of a class of piecewise continuous one-dimensional maps to which our map G * belongs. The injectivity of the map G * on the interval [G (kH), G (kH)] corresponds to the nonoverlapping case considered by Keener. He shows that in this case the dynamics is periodic, except for parameter values in a Cantor set of measure zero. For the exceptional parameters, the dynamics cannot be chaotic either, but it converges to a Cantor set. We did not observe such a dynamics in our simulations. However, we did "nd many stable cycles of di!erent and very high order (see also Fig. 6(a) ) with some interesting patterns of regularity. Some alternate between the intervals k(kH and k'kH only once, while others alternate between them several times, spending an (almost) equal number of periods in each interval between the switches. As an example, Fig. 4 
displays the
We thank Cars Hommes for providing this reference.
time series of a cycle of period 24 which switches 5 times from the interval k(kH"1 to the interval k'kH. There are 4`subcyclesa of order 5 and one of order 4. Along these subcycles, the capital stock rises slowly over 4 or 3 periods within the interval k(kH"1 until it exceeds kH. In this situation, the marginal product of capital drops to zero which leads, because of s 's , to a sudden decline of savings, pushing the capital stock down and below kH again.
Chaos and bifurcations
The stability result of Proposition 4 obtained for the Leontief technology cannot be extended to smooth approximations of this production function. In particular, there may exist unstable cycles since the derivative of G ? along the cycle may become very large in absolute value if the cycle is close to kH. A smooth (or even continuous) approximation of G * allows the application of known results to prove the existence of chaos and in"nitely periodic orbits.
Consider again the general situation of s 's with a unique unstable positive steady state kM and a non-monotonic continuous time-one map G.
is a compact, invariant and attracting set. Therefore, there exists a compact attractor A, i.e. a minimal invariant and attracting set. Since there is only a single positive steady state which is locally unstable, A consists of at least two elements. Hence, the global dynamics may be periodic or chaotic.
To show the existence of topological chaos, we make use of the well-known theorem of Li and Yorke (1975) . If G is continuous and if there exists some k such that
then a cycle of period 3 exists, which implies the existence of topological chaos according to the de"nition of Li and Yorke. Proof. Consider "rst the Leontief production function f * de"ned by (3) for which the time-one map is (7). Given b and c, for each '0 there is an a"a( ) nothing about the observability of chaotic or speci"c periodic trajectories if the system starts at arbitrary initial conditions. Therefore, the dynamic behavior for di!erent parameter values and initial conditions has to be analyzed numerically. All subsequent numerical calculations were carried out using MACRODYN, a package for the simulation of discrete time dynamical systems developed by BoK hm et al. (1997) .
The "rst set of experiments with the production functions (3) and (4) showed the same long run characteristics for di!erent initial conditions. Even though we did not "nd evidence of coexisting stable cycles for these technologies, they are generally not impossible in this model.
The investigation centered primarily on the in#uence of the two savings propensities on the long run dynamic behavior. Fig. 6 contains two cycle cartograms, displaying the results of a two-parameter bifurcation qualitatively. The color assignment identi"es the long run characteristics of the dynamical system for the given point in the parameter space. Fig. 6 (a) shows a large diversity of cycles of di!erent orders for the Leontief technology, system parameters n"0, "0.1, a"0.2, b"1, c"0.01 and initial value k "5 for varying s and s . For these values, the intersection of the curves de"ning the stability regions in Fig. 3 is at s "s "0.495. Therefore, the range of the two parameters chosen for Fig. 6 coincides (almost) exactly with region (D). The yellow color indicates that no cyclical behavior is found, which is due to long transient behavior. Fig. 6(b) shows the equivalent cartogram for the approximation of the Leontief production function with "0.01 and the same parameter set and initial value. In this case, the transition from stable steady states to cyclical or chaotic dynamics occurs via period doubling cascades. The yellow color indicates again that no cycle has been found, but in most cases this corresponds to a chaotic attractor. Fig. 6 (b) indicates also that there exist several period doubling as well as period halving cascades. This is a typical phenomenon of one-dimensional dynamical systems generated by bimodal maps for which other economic applications have been given (e.g. Hommes, 1994; Prskawetz and Feichtinger, 1995) . The emergence of two period doubling and two period halving cascades occurs in Fig. 6 if both savings rates increase from the lower left to the upper right corner, i.e. if a transition from case (A) to case (C) via case (D) in Fig. 2 takes place. The same bifurcation phenomenon occurs also for changes of the depreciation rate. An example is shown in Fig. 7 for the same parameter set and initial value as above, but with s "0.8 and s "0.4.
We are grateful to a referee for having pointed out the emergence of coexisting stable cycles of period 4 and 8 for the production function (6) and parameters a" 330, b"1, c"0.01, n"0.07, d"0.95 , s "0, s "1. 
Summary and conclusions
The results of this paper show that even the simplest one-sector model of economic growth can display cyclical and chaotic dynamic behavior, if distributional e!ects of competitive factor pricing are coupled with constant di!erential savings propensities. As our analysis shows, this is neither a degenerate phenomenon in the space of parameters nor in the space of smooth production functions satisfying the weak Inada condition. Since the oscillations in this model are derived from simple savings behavior and features of the technology, it does not seem to be too far fetched to conjecture that many other neoclassical growth models might have such a dynamic behavior, once distributional e!ects are integrated. Thus, varying income distributions may be one of the primary causes of endogenously generated business cycles.
